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Abstract 

We study time-dependent solutions in M and superstring theories with higher order 
corrections. We first present general field equations for theories of Lovelock type with 
stringy corrections in arbitrary dimensions. We then exhaust all exact and asymptotic 
solutions of exponential and power-law expansions in the theory with Gauss-Bonnet terms 
relevant to heterotic strings and in the theories with quartic corrections corresponding to 
the M-theory and type II superstrings. We discuss interesting infiationary solutions that 
can generate enough e-foldings in the early universe. 
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1 Introduction 



There are two major questions that confront the current cosmology. One is the horizon 
problem which asks why the early universe is highly homogeneous beyond causally discon- 
nected regions. The other is the flatness problem: why does the present universe appear 
so extremely flat? It is widely believed that these can be resolved once we accept that our 
universe underwent an inflationary evolution in the early epoch. The recent cosmological 
observation confirmed the existence of the early infiationary cosmological epoch as well 
as the accelerated expansion of the present universe [1] . 

Though it is not difficult to construct cosmological models with these features if one 
introduces scalar fields with suitable potentials, it is desirable to derive such a model 
from the fundamental theories of particle physics that incorporate gravity without making 
special assumptions in the theories. The most promising candidates for such theories are 
the ten-dimensional superstrings or eleven-dimensional M-theory, which are hoped to give 
models of accelerated expansion of the universe upon compactification to four dimensions. 

However it was believed that there was a "no-go" theorem which forbids such solutions 
if the six- or seven-dimensional internal space is a time-independent nonsingular compact 
manifold without boundary [2] . A progress has recently been made by the discovery that 
this no-go theorem can be evaded if the size of the internal space depends on time. In 
fact, it has been shown that a model with certain period of accelerated expansion can be 
obtained from the higher-dimensional vacuum Einstein equation if one takes the internal 
space hyperbolic and its size depending on time [3]. It has been shown [4] that this class 
of models is obtained from what are known as S-branes [5, 6] in the limit of vanishing 
fiux of three- form fields (see also [7]). It is found that this wider class of solutions give 
accelerating universes for internal spaces with zero and positive curvature as well if the fiux 
is introduced. Further discussion of this class of models has been given in Refs. [8]- [12]. 

It turns out, however, that the models thus obtained do not give enough e-foldings 
necessary to explain the cosmological problems mentioned above [4, 8]. The reason for 
this can be understood from the viewpoint of the effective four-dimensional theory, where 
one gets gravitational theory coupled to scalar fields which characterize the sizes of the 
internal spaces. Typically one finds exponential potential, and the slope for the scalar 
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fields in this potential is too steep to produce large enough expansion [10]. Some efi^orts 
to overcome this problem were made in the present framework in Ref. [11]. 

The scale when the acceleration occurs in this type of models is basically governed 
by the Planck scale in the higher ten or eleven dimensions. With phenomena at such 
high energy, it is expected that we cannot ignore higher order corrections such as higher 
derivative terms in the theories at least in the early universe. It is known that there are 
terms of higher orders in the curvature to the lowest effective supergravity action coming 
from superstrings or M-theory [13, 14, 15]. With such corrections, they will significantly 
affect the infiation at the early stage of the evolution of our universe. 

The cosmological models in higher dimensions were studied intensively in the 80's by 
many authors [16]-[19]. It was shown that inflation is indeed possible with higher-order 
curvature corrections [17, 18]. (The no-go theorem does not apply to theories with higher 
derivatives.) In particular the model with the Gauss-Bonnet (GB) terms is interesting 
because they are the special combination without ghost [20] and they exist as higher 
order corrections in the heterotic string theories [13]. It was shown that there are two 
exponentially expanding solutions, which may be called generalized de Sitter solutions 
since the size of the internal space also depends on time (otherwise there is no solution 
of this type) [18]. In both solutions, the external space inflates, while the internal space 
shrinks exponentially. (There are also two time-reversed solutions, i.e. the external space 
shrinks exponentially but the internal space inflates.) One solution is stable and the other 
is unstable. Since the present universe is not in the phase of de Sitter expansion with 
this energy scale, we cannot use the stable solution for a realistic universe. If we adopt 
the unstable solution, on the other hand, we may not flnd sufficient inflation unless we 
flne-tune the initial values. The higher-order curvature terms called Lovelock gravity [21] 
and other types [22] were also considered in higher-dimensional cosmology. 

A good news is that large e-folding number was obtained in these models. However, 
most of the work considered powers of scalar curvature or Lovelock gravity, which are 
not the types of corrections known to arise in superstring theories or M-theory. It is thus 
important to examine if the above result of small e-folding is modifled with higher-order 
corrections expected in these fundamental theories. In our previous paper [23], we have 
presented brief report of our results on this problem for M-theory. Here we give the details 
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of our results in M-thcory as well as supcrstrings. Wc focus on the solutions to the vacuum 
Einstein equations with higher order corrections since the basic feature can be obtained 
in this simple setting. In this paper, we exhaust exact solutions as well as past and future 
asymptotic solutions and discuss inflationary solutions among them. The past and future 
asymptotic solutions are useful in describing the inflation at the early universe and the 
present accelerating cosmology, respectively. In a forthcoming paper [24] , we shall discuss 
more detailed properties of these solutions including stability and possible scenario for 
the history of our universe. 

In the next section, we present our actions and field equations to be solved. We 
write down these for D = 1 + p + q dimensions with p external and q internal space 
dimensions. Though we are mainly interested in p = 3 in this paper, there may be 
interesting applications if we keep the dimension p arbitrary. Also we give the equations 
for maximally symmetric spaces with nonvanishing curvatures. Their explicit forms are 
given in Appendices A - C. The Lovelock part of the field equations generahzes those in 
Ref. [21] and should be useful for examining various other nontrivial solutions. We also 
discuss the relation of the solutions to those in the Einstein frame in {p + 1) dimensions. 

In Sec. 3, we examine solutions to the vacuum Einstein equations with GB corrections, 
corresponding to the heterotic strings [13, 14]. We exhaust possible generalized de Sitter 
and power-law solutions, and find infiationary models for several types of internal spaces 
with positive, zero and negative curvatures. We find that exponential type solutions are 
possible for fiat external and internal spaces, corresponding to those solutions obtained 
in the 80's by Ishihara [18]. 

In type II superstrings or M-theory, it is known that the coefficient of the GB terms 
is zero and the first higher corrections start with terms [15]. We study this case and 
find interesting solutions of exponential and power-law expansions in Sec. 4. 

Finally in Sec. 5, we summarize our solutions and discuss inflationary solutions. We 
find that some solutions do not give inflations in the Einstein frame in four dimensions 
even though they appear to give inflations in the original frame, and that there are 
peculiar cases in which inflation appears to be realized in the Einstein frame though the 
external space is shrinking in the original frame. We discuss which solutions are suitable 
for interesting cosmologies. 
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2 Vacuum Einstein equations with higher order terms 

We consider the low-energy effective action for superstrings {D — 10) or M-theory {D — 
11) witli liiglier order corrections in D dimensions: 

4 

S = 5^^n + ^5, (2.1) 



n=l 



with 



51 ^ S^n = ^ [ d^'x^R, (2.2) 

2< J 

52 ^ Sgb = ^ I d^x^ [Rl^^ - + R^] , (2.3) 



^3 = ^ / d^'xy/^Ee, (2.4) 

«4 / ,D. 



^4 = ^ / rf^xx/^^Es, (2.5) 
^ I d'^xV^Jo, (2.6) 



2k|, 



where 



IT ai---ai3_2n/il!^l.--Mnl^n , PPl^l TDpnC^n (O '7\ 

Pn^n /^It^l ^n^n \ ' J 

Jo — K rCa^iypKx n pan + --K ^aPpiy-tix ri p^^. [Z.^) 

Here we have dropped contributions from forms and dilatons (if they exist), D- 
dimensional gravitational constant, and we leave the coefficients ai, . . . ,04 and 7 free. 

The coefficient «i of the Einstcin-Hilbert (EH) term is 1 by definition, and though 0:3 
is zero for all superstrings and M-theory, wc have included it since it will be useful for 
examining other cases. For the hcterotic strings, the leading correction is given by the 
GB terms with the coefficient [13, 14]: 

«2 = (2.9) 

o 

multiplied by an exponential factor of the dilaton, where a' is the Regge slope parameter. 
So it is not immediately obvious if our solutions are valid within the full string theories. 
Nevertheless they would give solutions for constant dilaton, and our results for these 



cases should be understood with this restriction. For the M-theory in 11 dimensions, the 
coefficient for the GB terms vanishes, so we should consider forth order terms with the 
coefficients [15]: 

where T2 = {^'k^ j is the membrane tension. Type II superstring has the same 
couplings as M-theory in 10 dimensions, so we can discuss this case if we keep the dilaton 
field constant and ignore the contributions from other fields. We should also note that 
contributions of the Ricci tensor Rp,y and scalar curvature R are not included in the 
fourth-order corrections (2.6) because these terms are not uniquely fixed. 

2.1 Basic equations for cosmology 

Since we are interested in cosmological solutions, we take the metric of our D-dimensional 
space as 

ds\ = -N''{t)dt^ + a'{t)ds\^\?{t)ds\, (2.11) 

with 

N{t) = e"°W, a{t) = e"iW, b{t) = e"^^*), (2.12) 

where D — 1+p + q. The external p- and internal ^-dimensional spaces {dSp and ds^) are 
chosen to be maximally symmetric. The curvature constants of those spaces are defined 
by (Tp and ag. The sign of ap (ag) determines the type of maximally symmetric spaces, i.e. 
(Tp (or ag) = —1,0 and 1 denote a hyperbolic space, a flat Euclidean space, and a sphere, 
respectively. The volumes of the hyperbolic and fiat spaces are made finite by dividing 
by discrete isometry. 

From the variation of the total action (2.1) with respect to Uq, Ui and U2, we find three 
basic field equations: 

4 

F = J2f^ + Fs^0, (2.13) 

n=l 

F(P) ^ J2 fi'^ + ^ E^n^^ + ^ E + = ' (2-14) 

n=l n=l n=l 
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F^'^ ^J2fn^+^11 9^n^ + ^ E + = ^ ' (2-15) 

n=l n=l n=l 

where X — ui — uqU\ -\-u\,Y — U2 — uqU2 + ui, and 



F„ = F„(xio, ill, U2, Ap, Ag), 

Fs = {uo, ui, U2, iio, ill, U2, Ui, U2, Ui, U2, X, Y, X, Y), 

9n^ = 9n\uo, ill, U2, Ap, Aq), 

h^^^ ^h^^\uo,ui,U2,Ap,Ag), 

= Fs\'^0, Ui, U2, Uo, Ul, U2, iii, U2, ^1, ^2, X, Y, X, Y, X, Y), 
fi'^ = fi''\uo,iii,ii2,Ap,Ag), 
g^^^ ^ g^^\uo,ui,ii2,Ap,Ag), 
hl^^ ^hl^\uo,iii,U2,Ap,Ag), 

= F^'^\uo,ui,U2,uo,ui,U2,ui,U2,Ui,U2,X,Y,X,Y,X,Y), (2.16) 

are explicitly given in Appendix A. Here Ap and Ag are defined by 

Ap^ul + (7pexp[2(Mo - Ul)], 

Ag^iil + agexp[2(uo-U2)]. (2.17) 

Since Uq is a gauge freedom of time coordinate, we have three equations for two vari- 
ables Ul and U2- It looks like an over-determinant system. However, these three equations 
are not independent. In fact, we can derive the following equation after bothersome 
calculation: 

F + {pill + qu2 - Uq)F = puiF^P^ + qu2F^'^^ . (2.18) 

If F = and F^^) = (or F^^^ = 0), we obtain U2F^'^^ = (or miF^p) = 0), since F = is 
a constraint equation and its time derivative also vanishes. The third equation F^'^^ = 
(or F^^ = 0) is then automatically satisfied unless ii2 = (or iii = 0). On the other 
hand, suppose we have only F^^ — and F^^^ = 0. Then Eq. (2.18) gives 

^ Q^uo-(pui+qU2) ^ (2.19) 



where C is an integration constant. Upon imposing the initial condition F = in (2.19), 
we get C = and hence F = 0. This means that the constraint equation is satisfied if 
other dynamical equations are solved and it is initially satisfied. Consequently, it is in 
general not enough to solve the dynamical equations = F*^^) = only, but enough to 
solve the two equations F = and F^^^ = (or F^^^ = 0) instead of trying to solve all 
three equations. 

2.2 Ansatz for solutions 

We now analyze our basic Eqs. (2.13) - (2.15) for several models and look for inflationary 
solutions. Since we are interested in analytic solutions, we study the following two cases: 

(1) Generalized de Sitter solutions: 

Using a cosmic time, i.e. uq = 0, an exponential expansion of each scale factor is given 
by Ui = jit + Inao, and U2 = ut + ln6o, where /i, ao and 6o are constants. 

(2) Power-law solutions: 

To find a power-law solution, although we can discuss it with the above cosmic time, we 
use a different time gauge, which is defined by uq — t. Using this time coordinate, a 
power-law solution is given by Ui — /it + Inoo, and U2 — I't + In bo, where /i and i/ are 
constants. 

The choice of time coordinate in (2) is more convenient than the cosmic time in (1) 
because we can discuss both solutions in the same set up. Namely we can write 

Uq — et, Ui — /it + In ao, and U2 — i^t + In bo, (2.20) 

where e = for case (1), while e = 1 for case (2). In the latter case, in terms of a new 
cosmic time r = e*, we see that the solution gives the power-law behavior: 

a = = aoT^, and 6 = e"^ = bor"" . (2.21) 

Note that when the curvature constant cr^ (or aq) vanishes, and bo are arbitrary but 
we can set ao — 1 {or bo — 1) because such a numerical constant can be absorbed by 
rescaling of the spatial coordinates. 
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2.3 Description in the Einstein frame 

After the internal space is compactified, we observe physical variables in the (1 + p)- 
dimensional Einstein frame, which is defined by 



ds^ — e 



[-dtl + aldsD + e^'^dsl, 



(2.22) 



where Ie, cle, and 4>{= U2 = In 6) are a cosmic time, a scale factor, and a scalar field 
parametrizing the size of the internal space in the Einstein frame, respectively. Comparing 
Eqs. (2.11) and (2.22), we find the relations 



e"°(it = ±e-^^^dtE, 



(2.23) 
(2.24) 
(2.25) 



The sign ± in Eq. (2.23) is chosen so that two time coordinates proceed in the same 
(future) direction. The solutions in the form (2.20) can be rewritten in the Einstein frame 
as follows: 



(1) e = and u>0 



tE = tP e^-. 



(0) 

ttE — CIe 



tE 



= 0W+^^-^^"ln 



tE 



.(0) 



(2.26) 
(2.27) 

(2.28) 



where t'p{> 0), and (p^^^ are integration constants, and 

qv 



(2.29) 



If /i/i/ > 0, this solution gives a power-law infiation in the Einstein frame, t — — oo 
and t — oo correspond to = and tE — oo, respectively. 

(2) e = and i/ < 



(0) -JL..ut 



(2.30) 
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where tP{< 0) is an integration constant, and aE and are the same as Eqs. (2.27) 
and (2.28). t G (—00,00) is transformed into tE G (— oo,0). t = —00 and t = 00 
correspond to Ie — —00 and tE — 0, respectively. In this case the inflationary 
solutions in the Einstein frame are obtained for A < 0, i.e., when tE — 0_, 
diverges as This is called a super inflation in Kaluza-Klein cosmology [16, 

25] . Since the asymptotic behaviour as — > does not explain the present universe, 
we have to avoid a singularity at = 0. Then, we have to clarify a mechanism to 
avoid the singularity at t^; = 0. The same problem was found in the Kaluza-Klein 
inflation in 80's [16]. In a pre-big bang scenario, we also find a similar inflation in 
the string frame [26] . 

Note that even for > 0, this class of solutions in general do not give inflationary 
solutions in the Einstein frame. 

e = and u — 



(0) r - 

o-E — o-E exp jie 

4> = 4>^'^ , 



tE 



(2.31) 
(2.32) 
(2.33) 



where a/^' and 0^°^ are constants. Rescaling the time coordinate, we can set 0*^°^ = 0, 
i.e. tE — t and oc exp(//iE). This solution gives an exponential expansion even 
in the Einstein frame for > 0. 



e = 1 and v > 



where t^^\> 0), a''^' and 



(0) 



tE = tfei'^l^^^y 



— CIe 



tE 



(0) 
E 



[p-l) + qi' 



tE 



(0) 
E 



are integration constants, and 
{p - l)ix + qv 



X 



{p-l) + qu 
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(2.34) 
(2.35) 

(2.36) 



(2.37) 



This solution gives a power-law inflation in the Einstein frame if /i > 1. Remind 
that /J, > 1 gives a power-law inflation in the original frame, t = — oo and t = oo 
correspond to ts — and Ie — oo, respectively. 



(5) e = 1 and u < 

tE = 4'^e(^+^'^)*, (2.38) 

where i^^(< 0) is an integration constant, and ue and are the same as Eqs. (2.35) 
and (2.36). t e (—00,00) is transformed into tE £ (— oo,0). t — —00 and t — 00 
correspond to tE — —00 and tE — 0, respectively. Here the inflationary solutions in 
the Einstein frame are obtained for A < (a super inflation). 



(6) e = 1 and u = 



tE = e(^'^^°\, (2.39) 
(^_l)e-l^^^°'iJ, (2.40) 



(0) 

ttE^ay exp 



= 0(o)_(^e-o^^'^. 



E 



(2.41) 



where (p'^'^^ can be set zero by rescaling time coordinate, i.e. tE = t. This solution 
gives an exponential expansion in the Einstein frame if > 1. Rescaling the time 
coordinate, we find ts — t,aEOC exp[(// — 1)^^], and = —[{p — l)/q]tE- 

These will be useful in discussing the results in the Einstein frame. 



3 Solutions in heterotic strings 

The higher order corrections for heterotic strings start with the GB terms. So in this 
section, we first study various solutions of the field equations only with EH and GB 
terms, which are given by 

^1 + ^2 = 0, (3.1) 

Fi''^ + F^^ = 0, (3.2) 

+ Fi"^ = , (3.3) 
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where 



Fi = Fi{t,e,fi,u, Ap,Ag), 
F2 = F2{t,e,^i,iy,Ap,Aq), 

F? = f?{t, e, V, A,, A,) + Xg^\t, e, v, A,, A,) + Yhf{t, e, v, A,, A,), 

Fi^^) = /J'^ (t, e, /i, z/, Ap, A,) + F^^S'^) (t , e, /i, z/, Ap, A,) + X/iS'^^ (t, e, A^, A,), 
F^^ = /i"^ , e, i^, ^p, A,) + r^J'') , e, i/, ^p, + X/i^'^^ (i, e, /x, i/, ^1^, A,) , (3.4) 



whose exphcit expressions are given in Appendix B. Here we have three equations for two 
unknown parameters /i and v. However, two of them are independent because we have 
one constraint equation (2.18). 

Prom Eq. (B.2), we expect there may exist no exact solution except for the case of 
Up — (Tq — However, even for the case of Up 7^ or (jg 7^ 0, we may have some 
asymptotic analytic solutions either in the future direction {t — > 00) or in the past direction 
{t — > —00), which describe cosmologies in these time regions. We classify solutions to 
Eqs. (3.1), (3.2), and (3.3) by the signatures of ap and aq. 

3.1 (7p = (7g = 

In this and Aq — are constants. We have two classes of solutions: 

(1) exact solutions for e = (generalized de Sitter solutions), 

(2) asymptotic solutions for e = 1 (power-law solutions), 
which are summarized below. 

3.1.1 Generalized de Sitter solutions (e = 0) 

We have three basic equations one of which is a constraint equation. In this case, however, 
as discussed in Appendix C, if the solution is not the Minkowski space (/x = 1/ = 0), we 
can find two independent algebraic equations without any constraint equation: 



Fi(/x,z/) + F2(/x,z/) = 0, 
Hi{i^,iy) + H2{i^,iy) =0, 



(3.5) 
(3.6) 
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which are given in Appendix C, i.e. 

+ 0L2 [pz^^^ + 6pigi/iV^ + gsz/^ + 4^z/ {p2qi^^ + pg2«^^)] = 0, (3.7) 
ill - v) {ai + 2a2 [(p - 1)2//' + 2(p - - + (g - 1)21^^] } = . (3.8) 

Now we have two branches of solutions: one is = z/, and the other is 

ai + 2^2 [(p - 1)2/^' + 2(p - 1) (? - l)/xi/ + (g - 1)21^'] = . (3.9) 

(1) Inserting 11 = 1/ into Eq. (3.7), we find either Minkowski space = 1/ = 0, or 
another solution, i.e. 



, / ai{pi + qi + 2pq) 

II — l' — ±i — , (3.10) 

o!2\p3 + qs + Qpiqi + 4:{P2q + pq2)\ 

if a2 < 0. For 0:2 > 0, there is no real solution. 

(2) When we assume Eq. (3.9), eliminating a2 from Eq. (3.7), we obtain the fourth 
order equation: 

{p + l)2/i^ + 4pi(p - l)(g - l)/x-V + 2{p - l)(g - l)(3pg - 2p - 2q)ii'^v^ 

+ 4gi(p - l)(g - l)/xi/^ + (g + 1)21^^ = . (3.11) 

If 1/ = 0, we have a* = 0, which gives Minkowski space. Except for this trivial solution, 
Eq. (3.11) is reduced to the fourth order equation for h = /i/u: 

ip + 1)2/1" + 4pi(p -l){q- l)h^ + 2{p -l){q- l)(3pg - 2p - 2g)/i2 

+ 4gi(p - l)(g - l)/i + (g + 1)2 = . (3.12) 

We then have four solutions for h. For a solution h of this equation, we get v and then // 
from Eq. (3.9), which is rewritten as 

ai + 2q;2 [{p - 1)2/1' + 2{p - l){q - l)h + (g - 1)2] i/' = . (3.13) 

We thus find 



" ~2a2 [(p - l)2h^ + 2(p - l)(g - l)h + (g - 1)2] ' ^^'^^^ 
/X = /it/. (3.15) 
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For u to take a real value, we have a constraint 

«2 [{p - 1)2/1' + 2(p -l){q- l)h + (q- 1)2)] < 0. (3.16) 

For the heterotic strings with ai = 1, a2 = a'/8, p = 3 and g = 6, we have two 
real solutions for h in Eq. (3.12). Using these two solutions, we have the following four 
solutions in the unit a' — 1: 

{H,u) = (1.36601,-0.965665), (2.50608,-0.391608), (3.17) 

and the time-reversed ones (— — i/). In both solutions in (3.17), the external space 
inflates, while the internal space shrinks exponentially. It was shown that one solution is 
stable and the other is unstable [18]. Since the present universe is not in the phase of de 
Sitter expansion with this energy scale, we cannot use the stable solution for a realistic 
universe. If we adopt the unstable solution, on the other hand, we may not find sufficient 
inflation unless we fine-tune the initial values. We shall also discuss if these solutions give 
an inflation in the four-dimensional Einstein frame in Sec. 5. 

Though it is known that there is no GB terms for M-theory, it may be instructive to 
flnd solutions for p = 3 and q — 7: 

(/x,i/) = (1.45839,-0.838657), (2.53838,-0.331212), (3.18) 

and the time-reversed ones (— — i/). Thus we flnd that the result does not change 
qualitatively. 

3.1.2 Power-law solutions (e = 1) 

Setting e = 1 in Eqs. (B.4) and (B.5), we flnd that the EH action is dominant as t — > 00, 
while the GB action becomes dominant as t — > — 00. Here we present asymptotic power- 
law solutions for each case. 

(1) Future eisymptotic solutions {t — > 00): 
Our basic equations reduce to 

Pi/x^ + gii/^ + 2p5/xi/ = 0, (3.19) 
qu{u - - {p -1)^1^0, (3.20) 

PH{li-u-l)-{q-l)u = Q. (3.21) 
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We can easily show that these three equations are equivalent to the following two equa- 
tions, if it is not Minkowski space {/j, = v = 0): 

p/x2 + gz/2 = l, pij + qiy = l, (3.22) 
which is a special case of Kasner solutions. We have a solution 



^ p ± \/pq{p + g - 1) 
^ pip + q) 



V = ^^^^(^ + ^-1) . (3.23) 

For p = 3 and g = 6, we find {\i^v) = (5/9, —1/9), (—1/3, 1/3). They are also future 
asymptotic solutions for type II superstrings. Note that a general Kasner solution is 
given by 

p+q p+q 

^/x2 = l, ^/., = 1, (3.24) 

i=l i=l 

where each scale factor is assumed as e"* = r^* {i = 1, ■ ■ ■ ,p + q). Apparently fj, < 1 
in this class of solutions and they do not give inflation according to the discussions in 
subsection 2.3. 

(2) Pcist Eisymptotic solutions {t — oo): 
Our equations are 

Ps/i"^ + GpiQiiJu^ + Qsu'^ + 4/iz/ {p2qn'^ + pq2V^) = 0, (3.25) 
qu [{q - l)2i/2 + {q- l)(2p - q)fiu^ + (p - l)(p - 2q)fi^u - {p - 1)2/^^ 

- [q2iy^ + 3(p - l)qii^u^ + 3(p - 1)2?//^ + (p - 1)3^1^] = 0, (3.26) 
PH [{p - l)2/i' - (p l){p - 2g)//V - (g - l)(2p - q)iJiy^ - {q - 1)2^/^ 

- [p2fi^ + 3pi(g - + 3p{q - l)2fip^ + {q - 1)31^^] = 0. (3.27) 

We can show that Eq. (3.25) is derived from Eqs. (3.26) and (3.27), and these three 
equations are not independent. We can use any two of them to find the solutions. 

We obtain the following equation from the difference between Eqs. (3.26) and (3.27): 

(p/i + qiy-3) [{p - 1)2/^' - (p - l)(p - 2q)i/iy 

-{q - l)(2p - q)fiiy^ - {q - 1)2^'] = 0. (3.28) 
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Thus we have either 



p/j, + qv — 3 — 0, 



(3.29) 



or 



(p - l)2fJ,' - (p - l)(p - 2g)/xV - (g - l)(2p - q)f,u'' - {q - l)2iy' = 0. (3.30) 

(1): pfi + qu — 3 = 

Here z/ = gives ^ = 3/p, which is incompatible with Eq. (3.25). Thus u ^ 0, and 
Eq. (3.25) is rewritten by h — /i/u: 

Psh^ + Ap2qh^ + Qpiqih"^ + ^pq2h + gs = . 



Once we find the solution of this fourth order equation, and u are given as 

3h 3 



(3.31) 



(3.32) 



ph + q ph + q 

If p = 3, Eq. (3.31) reduces to a third order equation. We can formally find three 
solutions for h as 

+ \j cos - tan 

\q 



h 



n = 0,l,2. (3.33) 



3 / 3 

For the heterotic strings with p = 3 and g = 6, we find three real solutions: 

h = -5.86861, (/X, u) = (1.51698, -0.25849), 
h = -1.30495, (ii, v) = (-1.87748, 1.43874), 
h = -0.32645, (/X, u) = (-0.19506, 0.59753). (3.34) 

The first solution gives an infiation and is interesting. 
(2) Eq. (3.30) 

Using h — ji/v, Eq. (3.30) reduces to a third order equation: 

(p - 1)2/1' - (P - 1)(P - 2g)/i2 - (g - l)(2p - q)h - {q - 1)2 

= (/i - 1) [(p - 1)2/1' + 2(p -l){q- l)h + (g - 1)2] = . (3.35) 



We then have either /t = 1, or 
^= (p-l)(p-2) 

However those are not consistent with Eq. (3.25). Hence we have no solution in this case. 



-(p - l)(g - 1) ± V(p-l)(g-l)(P + g-3) 



(3.36) 
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3.2 ap = 0,aq^O (or ap 7^ 0, o-g = 0) 
3.2.1 Generalized de Sitter solutions (e = 0) 

Since Ap = fj? and Aq = v"^ + a^e"^'^*, it is easy to sec that u must vanish for the 
existence of exact solutions, where dq — (Tq/h'^. (We also introduce dp — Opja^ for further 
calculations). Setting i/ = 0, we have 

F = F1 + F2, 

= ax\p\[i^ + q\d^ + OL2\p2\x^ + 2piqifi^aq + q^dq] = 0, 

= ailpifi^ + gio-g] + a2[p3fi'^ + 2piqifi'^aq + ggaj] = 0, 

= q;i[(p + 1)0//^ + {q- 1)2^9] 

+ «2[(p + 1)2//' + 2(p + l)o(g - 1)2/^'^, + (g - 1)4^3 = 0. (3.37) 

Although the first and second equations are identical, the third one is different. Since we 
have two undetermined variables /i and aq for two independent equations, we may have 
some solutions. However, we find that there is no real solution at least for p = 3 and 
g = 6. 

If 7^ 0, we have only asymptotic solutions, li u > (< 0), 

Aq^u^ as i^+oo(-oo), (3.38) 
Aq dqe-'^"* as t -00 (+00) . (3.39) 

Then, for the case (3.38), as t ^ +00 (—00), we recover the previous generalized de Sitter 
solutions (3.17). For the heterotic strings, we find that 

(/i,z/) ~ (-1.36601,0.965665), (-2.50608,0.391608), as i ^ +00, 

(/X, v) - (1.36601, -0.965665), (2.50608, -0.391608), as t ^ -00 . (3.40) 

On the other hand, for the case (3.39), as i — > —00 (+00), we do not find any asymptotic 
solutions within our ansatz for solutions. This does not mean that there is no time- 
dependent solution to this system but simply implies that there is no solution within our 
ansatz. We can study the evolution of the system by a numerical analysis. 
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In the case of (Xp 7^ and aq = 0, we can obtain our result by exchanging p, jj, and q, v. 
We have only asymptotic solutions. For the heterotic strings, we find that 



(/X, u) ~ (1.36601, -0.965665), (2.50608, -0.391608), as t +cx), 
(/X, I/) - (-1.36601,0.965665), (-2.50608,0.391608), as t ^ -00 . 



(3.41) 



There are solutions in which our space inflates and internal space shrinks at late times, 
but no such solutions at early era. 

3.2.2 Power-law solutions (e = 1) 

Next we turn to the power-law solutions. Let us classify the solutions into three cases 
depending on v: 



In this case, as t ^ 00, the EH term becomes dominant and we obtain the asymptotic 
solution in the previous subsection 3.1.2. However no solutions satisfy the condition u > 1 
(see Eq. (3.22)). Thus there is no asymptotic solution of our form. As i — > —00, the GB 
curvature terms become dominant, but we flnd no consistent solution since Ag diverges 
without any balancing term. 



As i — > 00 with EH dominance, we again find no consistent solution. As i — > — 00 
with GB dominance, we obtain the asymptotic solutions (3.34) in the previous section. 
For the heterotic strings, imposing the condition of z/ < 1, we find two solutions, which 
are = (1.51698,-0.25849), and (-0.19506,0.59753). 



Then the time dependence in the basic equations (B.4) and (B.5) is only e~* from the EH 
action and e~^* from the GB action. In the future asymptotic solutions, as i — > 00, the 
EH term becomes dominant, and we are left with 



(2) 1/ < 1 




^ and Ag — 1 + aq are constants. 



PiA*^ + gi(l + c^?) + 2pg// = 0, 
(p + g-l)/x = 0, 

2p/x(/x-2)-2(g-l)(l + ag) = 0. 



(3.42) 
(3.43) 
(3.44) 
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We then have an asymptotic solution fi = 0, u = 1 and (Xq = —1 {bo = 1). This is 
just Minkowski spacetime with Milne-type time slicing. We find that this solution is also 
consistent with the GB term because Ap — 0, Ag — and /i — 0. Hence this Minkowski 
solution is an exact one to the whole system. 

Though this appears a rather trivial solution in the frame we are discussing, it gives 
power-law solutions in the Einstein frame in {p+ 1) dimensions and a nontrivial solution, 
as discussed in subsection 2.3. Unfortunately the scale factor behaves like qe ~ t''^^~^'^'^^ 
and it is not an infiationary solution. 

In the past asymptotic region t — > —oo, the GB term becomes dominant. We have 

P3A*^ + 4p2gA*^ + 4pi?i//' + 2pigiAt2(l + ag) + 4p52A*(l + ^q) + ?3(1 + ^q)^ = 0, (3.45) 
{p + q- 3)/i [{p - l)2/x' + 2{p - l)qfi + gi(l + a^)] = 0, (3.46) 
p{p + q- [{p - 1)211' + 2(p - l)qii + gi(l + ag)] = . (3.47) 

Then we have either fj, — or 

{p - 1)2//' + 2(p - l)q^Ji + gi(l + = . (3.48) 

For /i = 0, inserting it into Eq. (3.45) gives cr^ = — 1 and 60 = 1. It is just the 
Minkowski spacetime with Milne-type time slicing found above. When Eq. (3.48) is 
satisfied, eliminating {1 + dg) in Eq. (3.45) yields the equation for 

{p + q- 2)i? [{p - 2){2pq - 3p ~ q + 3)/i^ 

+4q{pq -2p- q + 3)fi + 2q^{q - 3)] = . (3.49) 

We find the solution 

g 

(p-2)(2pg-3p-g + 3) 

{p - l)q {e + 2p{q -2)-2qT V2p(g - l)(p + g - 3)} 



-2{pq - 2p - g + 3) ± ^2p{q - l){p + q - ?>)] ,(3.50) 



1 + ^0 = 



{p -2){q- l){2pq - 3p - g + 3)2 
X \2p{q - 1) ± V2p(g-l)(p + g-3)} . (3.51) 

For p = 3 and g = 6, we obtain /x = |(— 3 ± v^) and cr^ = ^^(5 =F 3\/5), i.e. (/x, v) ~ 
(-1.1459, l),cTg = -1,60 ~ 2.41953, or (/i, z/) ^ (-7.8541, 1), cTg = +l,6o ~ 0.924176. In 
both cases, the external space is contracting. 
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For the case of (Xp 7^ and aq = 0, exchanging fi,p and u.q, we obtain the solutions. 
For p = 3 and g = 6, we find fi = 1, v = 0, —1 and dp = —1, |, i.e. (/i, u) = (1, 0), (Tp ~ 
— 1, ao = 1, or (//, u) — (1, —1), (7p = +1, ttQ — |. The first is an exact solution similar to 
that found for ap — 0,aq — —1. Here the external space is expanding while the internal 
space is static or contracting and these are interesting solutions. 

3.3 apaq ^ 

3.3.1 Generalized de Sitter solutions(e = 0) 

If /X = = 0, our basic equations reduce to 

ailpi^p + qiaq] + Q;2[p3^p + 'ipiQiCFpaq + gs^J = 0, 

- l)25-p + qidq] + a2[{p - l)Aal + 2{p - V)2q\OpOq + gsa^] = 0, 

"ibl^P + - l)2Crq] + Q!2b3^p + 2pi(g - l)2^pC^g + " 1)45-J] = 0. (3.52) 

It is easy to see that there is no consistent solution. 

If either /i = or z/ = and the other is nonzero, it is clear that there is no exact 
solution. For asymptotic solutions, we can search for them by setting Ap = dp, Aq = 
and X = 0,Y = u'^ for the first case. We find that there is no real asymptotic solution. 
The second case is similar. For /ii/ ^ 0, ii our ansatz for solutions is imposed, it is easy to 
see that there is no asymptotic solution if /i and v are of the opposite signs. If they are 
of the same sign, either t — > +oo or i — > — oo gives — > //^, ^4^ — > i/'^ and there may be 
solutions. However, we find that there is no solution for Eqs. (3.7) and (3.8). To study 
time evolution of the system, we need again a numerical analysis. 

3.3.2 Power-law solutions (e = 1) 

In this case, we first consider the cases when both /i and u are not equal to 1. 
(1) H> 1 and v > 1: 

As i — > oo with EH dominance, we obtain the asymptotic solutions in subsection 3.1.2. 
However no solutions satisfy the condition of // > 1 and u > 1 (see Eq. (3.22)). This 
implies that there is no asymptotic solution of our form. As i ^ — oo, the GB terms 
become dominant, and we find no consistent solution. 
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(2) /i < 1 and u < 1: 

As t ^ oo with EH dominance, wc again find no consistent solution. Ast — oo with 
GB dominance, we obtain the asymptotic solution in subsection 3.1.2. For the heterotic 
strings, we find only one consistent solution, which is (/x, u) — (—0.19506, 0.59753). 

(3) > 1 and u < 1: 

As t — > oo, — > //^ and Aq — > aqe'^^^~'^^* . This is similar to the case (2) in the previous 
section. Then there is no asymptotic solution of our form. As i — > — oo, — > ape'^^^~^^* 
and Aq ^ u'^. We find no solution. 

(4) ^ < 1 and u > 1: 

Here we reach the same result by exchanging p, fi and g, v. No asymptotic solution of 
our form is obtained. 

Next, we discuss the cases in which one oi ^ or v is equal to 1 and the other is not: 

(5) > 1 and v — 1: 

As i — > oo with EH dominance, Ap — > //^ and Aq — 1 -\- dq, and we recover the case of 
(Tp = 0, (jg 7^ 0. However, there is no solution with > 1. We do not have any asymptotic 
solution of our form. As t ^ — oo, Ap ape^^^~^^^ and Aq = 1 + aq. We again do not 
have any asymptotic solution of our form. 

(6) fj, < 1 and u = 1: 

As t ^ oo, Ap diverges as CTpC^*^^"'^)*. There is no asymptotic solution of our form. 
As t — > — oo, we again recover the case of ap — 0,aq ^ with the GB-term dominance, 
namely /i — 0,1/ — l,aq — —1, and (3.50) with (3.51). Since these asymptotic solutions 
are consistent with // < 1, we have asymptotic power- law solutions. (Note that the first 
one was an exact solution for ap — 0, but here we are considering ap ^ 0.) 

(7) n = l and v > 1: 

The analysis is almost the same as the case (5). There is no asymptotic solutions. 

(8) /i = 1 and v < 1: 

The analysis is almost the same as the case (6), then we find the asymptotic solutions as 
t — > — oo, which are the same as the case of ap ^ 0,aq — 0. We have /i — 1,1/ — 0,ap — —1 
and II — IjV — —1, ap — +1, oq = §■ 

Finally, we consider the remaining case. 

(9) jj, — ! and u — 1: 



21 



Here we have constant Ap = 1 + ap and Aq = 1 + aq. As t — >■ +00, the EH term is 
dominant, and we have 

PiAp + qiAg + 2pq = 0, 

(p - l)2Ap + qiAq + 2(p - l)q = 0, 

PiAp + {q- l)2Aq + 2p{q - 1) = 0. (3.53) 

The solution is given by 

This is the solution found in Ref. [11] which exhibits eternal accelerating expansion when 
higher order effects arc taken into account. For p = 3, g = 6, wc have ap = —4, aq = — |. 
For t — > —00, GB terms are dominant and we get two independent equations 

P3AI + piqiApAq + 3p2qAp + pq2Aq + 2piqi = 0, (3.55) 
gg^J + piqiApAq + p2qAp + 3pq2Aq + 2piqi = , (3.56) 

For p = 3 and g = 6, we have only one real solution Ap = —1.36156, Ag = —1.85305, i.e. 
ap = aq = -1 and oq = 0.65073, 60 = 0.592032. 



4 Solutions in M and type II theories 

The higher order corrections to M and type H theories do not involve GB terms, so we 
have to take the fourth-order corrections into account. Prom our ansatz for solutions, we 
have 

(4.1) 

0, (4.2) 
0, , (4.3) 

where 

Fi = Fi(t,e,/x, iy,Ap,Aq), 



Fi + F4 + F5 = 0, 

pip) ^ piP) ^ p(p) ^ 
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F4 = F4,(t,e,fi,u, Ap,A,j), 
Fs = Fs{t,e,i^,u,Ap,Aq), 

Fi'^ = f^\t, 6, f,, ly, Ap, A,) + Xg^\t, e, v, A,, A,) + Yhf{t, e, v, A,, A^), 
) = /(P)(t, e, /X, z/, Ap, A,) + X^f (t, e, /x, z/, A,,, A,) + Yhf{t, e, i/, A,,, A,), 

= e, i., A,) + Yjt\t, e, I/, A,, A^) + e, i/, ^„ A,), 

i^i'^ = ff{t, e, /i, z/, Ap, A,) + r^l'^^t, e, IX, v, A^, A^) + Xhf{t, e, /x, i/, A^, A,), 

= Ff (t,e,/.,z/,/l„/l,), (4.4) 

whose explicit expressions are given in Appendix B. 
4.1 (7p = (Jg = 

In this case, A^ — ^i^^A^ — are constants. We shall discuss the cases of e = and e—\ 
in order. 



4.1.1 Generalized de Sitter solutions (e = 0) 

Prom Appendix C, we have two algebraic equations: 

Fi + F4 + F5 = 
//i + //4 + /^s = , 



(4.5) 
(4.6) 



where Fi, F4, Fs, Hi, H4, and Hs are functions with respect to /x and u given in Appendix 
C. In what follows, we set p = 3. The explicit forms of equations are 

ai + Gqixiy + gii/^] + a4q4i'^ 336/^^ + 168(g - 5)AiV + 24{q - + {q- ^h^^ 



-2I7 



24//^ + 2q{ii'^ + u'^ + iivfii'^v'^ + (g + l)ii/^ + 2^(2// + vfiiW + qi(li + 2vfii'^v^ 



0, 



(4.7) 



+247 (3/i + gz/) + giz/"^ + g(;Li + v)^?v'^{^? + z/^ + /iz^) 

(At - v) U + 4q;4 {30(g - 1)4//^^ + 12(g - l^^xv^ + (g - l)6i/^} 

+27 {12//6 - 6(2g - 1)//^ + 3(g - 1)^^^ - (g^ - 15g + 6)//^i/^ - {2q^ - 7q - 3)ii^u^ 



-(g - l)(g + 12)/xz/5 + 6(g - ly} 



(4. 
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Setting ai = 1, wc have solved these equations numerically. Before giving the solution, 
we note on the unit used in our solutions when the coupling constants and 7 are free. 
If 7 does not vanish, rescaling a^, 7, /i and u as 

(54 = q;4/|7| , 7 = 7/I7I (= 1 or — 1) , jl = iJ,\'y\^^^ , and D = i'\'y\^^^ , (4.9) 

we can always set 7 to —1 if it is negative (or 1 if positive). We also have to rescale time 
coordinate as t = |7|^^/^t. The typical dynamical time scale is then given by |7|i/6 ~ 
0(m^^), where = k^^^^~'^^ is the fundamental Planck scale. In particular, for M- 
theory, we find \-f\^l^ = Q-^l^{AT:)-^l^m-^^ ~ 0.1818176mr/ from Eq. (2.10). After this 
scaling, we have only one free parameter a^^. 

If 7 = and 0:4 7^ 0, we can always set 0:4 to —1 if it is negative (or 1 if positive), by 
rescaling a^, /i and v as 

0:4 = q;4/|q;4| (= 1 or — 1) , // = //|q;4|^/^ , and 9 — u\a4\^^^ . (4-10) 

Let us now present our results for M-theory and type II superstrings, in which 
and 7 are given by Eq. (2.10). In this paper, we use the above unit as in our previous 
paper [23] . (We have shghtly changed our convention so the numerical results also a little 
change from those in [23].) For brevity, we omit a tilde for variables except for 0:4 and 7. 

(1) M-theory 

For the M-theory, we have 

«4 = -^, 7 = -l. (4.11) 

We then find three solutions 

= (0.40731,0.40731), (0.79683,0.10793), (0.55570,0.34253), (4.12) 

and the time-reversed ones (— /i, —i^)- 

(2) Type II superstrings 

In type II superstrings, the coefficients 0:4 and 7 are same as the M-theory, but there 
are additional terms in the curvature as well as dilaton [15]. However, we examine what 
happens if we simply consider the above theory for ten dimensions (g = 6). Since the 
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basic features of the obtained results are the same, we simply give the solutions. The 
same remark applies to the following discussions on type II superstrings. 
With the couplings (4.11), we find three solutions 



(0.50754,0.50754), (0.79988,0.12991), (0.49618,0.51313), (4.13) 



and the time-reversed ones. We thus find that the solutions are quahtatively similar to 
those in M-theory. 



4.1.2 Power-law solutions (e = 1) 

As t — > oo with EH dominance, we get the same results (3.23) in Sec. 3.1.2. For p — 
3,5 = 7,weget(/.,^) = (i^,^). 

As t — oo, the fourth-order terms dominate. So let us briefly discuss asymptotic 
power-law solutions only with quartic terms. Assuming the metric (2.20) with e = 1, we 
obtain three algebraic equations: 



336/i^ + 168(g - 5)^i^u + 24(g - 5)6fiu^ + (g - 5)71^^ 



- 77 6ii\ii - 1)^(3// - if + qiv\v - lf{2,v - if + 18/ + 3^2^^^ 



+ 6g(2/i + z/)>V^ + 3gi(/x + 2i/)>V + 6g/iV^ (/x + z/ - 1)^ - /xz/ 



+ 7 



24/(/x - l)(2/x - l)(3/x - 1) + Aqiv^{v - l){2v - l)(3z/ - 1) 
+ 24g//V2(^ + u -l){{^x + v -If - iiu^ (3// + gi/ - 7) = 0, 
ia^q^u^ 14(g - 5)ii^u + 4(g - 5)qIiu'^ + 4:ii{n - 1) (6fj, + {q - 5)uj 
+ 2{v - 1) (^30//2 + 12{q - + (g - 5)6i/') 



+ 7 



- 7 



- l)2(3/x - 1)^ + gii/^(i/ - lf{?,u - if + 18/ + 3g2i^^ 



+ 



(4.14) 



+ 7 



6g(2/x + vf^x^v"^ + 3gi(// + 2vf^j?v^ + Gg/xV^ (^{^x + v- if - ^xv^' 
Afi^ifi - l){2fi - l)(3/i - I f + 4/(/i - lf{3ii - l)(6/x - 1) 
+ 48/ + 8g/i/^(2/x + i/)(3/x + i^) + 4gi/xi/^(/x + iy){ix + 2v) 
+ 4g//i/2 [{n + v- 1)(3// + i/ - 1) - 2nv^ (^{fx + u- if - fxu^ {3fx + qu - 7) 
8/(/i - l)(2/i - l)(3/i - 1) + Aq^u^{fi + u - l)({ix + u - if - fiu 
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x(3/i + gz/- 7)2 = 0, (4.15) 
Mq - 1)av^ {q - 5)8i/^ + 24(g - 5)7Ati/^ + 168(g - 5)6//^^ + 336(g - 
+ 2Aii{ii - 1) (^30//2 + 12(g - 5)/xz/ + (g - 5)6^/') 
+ 8(i/ - 1) (l2QiJ? + 90(g - 5)/^^!/ + 18(g - 5)6/^i/2 + (g - 5)7i/3) 



+ 7 



6//^(/i - 1)'(3// - If + - l)'(3i/ - 1)2 + 18/ + 3?2i^' 

+ 6g(2/x + uffi^u'^ + 3gi(/x + 2ufn^v^ + 6g/i/2 f (/x + - 1) 



27i/ - l)i/2(i/ - l)(2i/ - l)(3i/ - 1)2 + - l)i/2(i/ - i)2(3i, _ i)(6i/ - 1) 
+ 12(g - 1)2//^ + 12/(/x + v){2^ + v) + Q{q - l)/z/2(^ + 2z/)(/x + 3z/) 
+ 6/ + 1/ - l)(;x + _ 1) _ (^il^ + iy- if - l^y) {2>ii + qu-7) 



{q - l)i/2(i/ - l)(2i/ - l)(3i/ - 1) + 3/(// + i/ - 1) + i/ - 1)2 _ 



x(3/x + gz/- 7)2 = 0. 



(4.16) 



Using the values for 0:4 and 7 in Eq. (4.11), we have solved these equations numerically 
and found the following four solutions: 



q — 7 (M-theory) 

(//,i/) = (0.87610,0.62453), (0.53167,0.77214), 

(0.32052, 0.000168), (-0.000877, 0.28898) , 

q = 6 (Type II superstrings) 

(//,i/) = (5.74269,5.74269), (0.32052,0.000168), 
(0.28829, 0.28829), (0.00133, 0.295437). 



(4.17) 



(4.18) 



4.2 = 0, (jg 7^ (or ap 7^ 0, cr^ = 0) 
4.2.1 Generalized de Sitter solutions (e = 0) 

Here we have Ap = fi'^, Ag = u'^ + agC''^"*, X = fi^ and Y = . It is easy to see that there 
is no exact solution unless z/ = 0, in which case we have constant Ap = X = lJ.^,Aq = dq 
and Y — 0. Our basic equations (4.1) and (4.3) now give 



«! [PlyW^ + qi<^q] + "4 



4-2 
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+4pig5/^'^,' + + 37 [(p - 7)pi/ + ^2^3 = 0, (4.19) 

ai [(p + l)oAt^ + (g - 1)2^9] +0:4 (p + 1)6/ + 4(p + 1)4(5 - l)2/c^q 

+6(p + l)2(g - 1)4A? + 4(p + l)o(g - + {q- l)s~^l 

+37 [ip + 1)1/ + (g - 8)(g - 1)2^^'] = 0. (4.20) 

We note that Eq. (4.2) gives the same equation as (4.19) for i/ = and need not be taken 
into account. 

For p = 3, we find the following solutions: 

q = 7 (M-theory) 

{H,dq) = (±0.65615,0.28708), (±0.61935,-0.61904), (±0.60255, -0.08823) , (4.21) 
g = 6 (Type II superstrings) 

(/x,5-q) = (±0.76553,0.45670), (±0.62004,-0.13097). (4.22) 

For the case of 7^ and Uq — 0, exchanging ^, p and q, we obtain the solutions 
with ji — and 

M-theory : {u, ap) = (±0.49021, 0.63074), 
Type II superstrings : (z/, dp) = (±0.62007, 0.86033). (4.23) 

4.2.2 Power-law solutions (e = 1) 

Here we have Ap — /x^, Ag — + dqe^^^^"^*, X — ^{^ — 1) and Y — v{v — 1). We have 

asymptotic solutions in most cases. 

{l)u>l 

For t — >■ 00, the EH term dominates and Aq . The solutions are the same as 

CTp = (Tg = case in Sec. 3.1.2. However, there is no solution with v > \. 
For t —00, Aq cTqe^*-^"'^''* and there is no solution. 

(2) i/ < 1 

For i — > 00, — > o-ge^^^""^^* and there is no solution. 

For t — > — 00, — > i/^ and the solutions are the same as Up = cr^ = case. 

(3) ^ = 1 
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We have Ap = /x^, = 1 + ag, X = — 1) and F = 0. 



For t 
have 



oo, the EH term dominates and the solutions are the same as GB case. We 



A< = 0, = 1, fT^ = -1, ho = 1. 



(4.24) 



Actually this is an exact solution. 

For t — > — oo, fourth-order terms dominate. Our basic independent equations (4.1) 
and (4.3) give 

+3p2q4pi'^Al + pqeAl) + 24/^^ {psgiA*^ + 2^353/^2^^ + pigs^g} + 32/^2 {p4g2Af^ + P2g4^g} 
+16p3?3/] + 7 [ - + (p/x + ? - l){piJiMx + gMy) + 2(A, - l)qN^ = 0, (4.25) 
+ - 1) + i^i''^ = 0, (4.26) 

where 



L4 = Pl^x\^Ji - 1)2(3// - 1)2 + 2pqn\n - If + 3p2/^^ + 3?2>l; 



+ piq^^{2^ + 1)2 + pgi/i2(^ + 2A 



1) 1 



Mx = 4 [(p - - 1)(2// - 1)(3// - 1) + g//3(;x - 1)] , 

My = 4p/(/i-l), 

TV, = 4(g - 1) [3(g - 2)A^^ + p^\^ + 2A, 



(4.27) 
(4.28) 
(4.29) 
(4.30) 



Q!4 



Pt/ + 4p5(g - 1)2/^'^ + 6p3(g - 1)4/^5 + 4pi(g - 1)6/^'^^ + (g - 1)8^ 
+8// {p6(g - l)Af' + 3p4(g - l)3Af% + 3p2(? - l)5A*'>lg +p(g - 1)7^^} 

+24//2 {p5(g - 1)2/^4 ^ 2p3(g - 1)4/^2 A, + Pi(g - 1)6^2} 



+32/^3 1^^^^ _ 1)3^2 ^p2(g - 1)5^,} + 16p3(g - 1)4/^' 



(4.31) 



= 8pQ;4 [{p - 1)6//' + 3(p - l)4(g - 1)2//M, + 3(p - l)2(g - 1)4//'A2 + {q- 1)6^^ 
{(p - lUq - 1)/ + 2(p - l)3(g - 1)3/^2 A, + (P - l)(g - 1)5^'} 
+12/^2 {(p - l)4(g - 1)2//' + (p - l)2(g - 1)4^} + 8(P - l)3(g - l)3//'l , (4.32) 
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L4-{ppi + q- 7) {My + 2Ar^ + p/xC/} + (p/x + g - 7)2My - 2(A, - 1) A^,J , 

(4.33) 



U = 4 - 1)2 + (p - l)/x3(/. + 1)(2/. + 1) + (g - l)/x(/x + A,)(/. + 2/1,)] . (4.34) 
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For p = 3, we find the solution (4.24) and 



(M-theory) 

(14.8319, -413.5411), (0.7335, -0.3062), 



(4.35) 



g = 6 



(Type II string) 



(/x,a-g) = (4.0305,8.7771), (0.4484,-1.2490), (-9.7439,-94.7146). (4.36) 



(We also find a solution (/i, 5"^) = (0,7) to Eqs. (4.25) and (4.26), but this is the special 
case of Ml = 0, and then Eq. (4.2) must be checked, as discussed in subsection 2.1. We 
find that it is not satisfied asymptotically and this is no a solution.) First of these gives 
an interesting inflationary solution. 

For the case of (7p 7^ and Uq — 0, exchanging and q, we obtain the solutions: 



past asymptotic solutions : (/x, u, dp) = (1, 0.7181, -1.5485), (1, 0.0417, -1.0204), 



for M-theory and 

exact solution : (/x, i/, ap) = (1, 0, —1), 
past asymptotic solutions : (//, ap) = (1, 6.1725, 75.9086), (1, 0.0358, -1.0173), 



exact solution 



{l^,iy,ap) = (1,0,-1), 



(1,-14.1607,-138.1063), 



(4.37) 



(1,-26.8744,-961.1752), 



(4.38) 



for type II superstrings. 



4.3 (7p(7g 7^ 



4.3.1 Generalized de Sitter solutions (e = 0) 



li IJ, — u — 0, our basic equations reduce to 



+37b25-p + q2aq] = 0, 
«i[(p - l)2crp + qiaq] + ai[{p - 1)3^^ + 4(p - l)6giajcrg + 6(p - l)m^pl 
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+4(]9 - l)2q^a,al + g^aj + 37[(p - 8)(p - l)^^^ + q^a^] = 0, (4.39) 
ai[pic^p + {q- l)2C^g] + Oii\p'jal + 4p5(g - l)2^lag + 6p3(g - l)4^pC^g 

+4pi(g - 1)6^^^^ + - l)8aj] + 37[p2aJ + (? - 8)(? - 1)2^5 = 0. 

For both M-theory with p — 3,q — 7 and type II theory with p = 3, = 6, we find 
that there is no solution. 

If either /i — or u — and the other is nonzero, it is clear that there is no exact 
solution. For asymptotic solutions, we can search for them by setting Ap = dp, Ag — , 
X = and Y = v"^ for the first case. The solution is for t +oo(— oo) for or i/ > 0(< 0). 
The basic equations are 

oiilpidp + qii^^] + a^lpY^p + Ap^qialv^ + GpagsapZ/"^ + Apiq^dpV^ + q^v^] 

+'ii[p2~^t + {q- r)qiA = 0, 

q;i[(p - 1)2^^ + (g + l)oi/'] + a^[{p - + 4(p - 1)6 (g + l)o^>' 

+6(p - l)4(g + 1)2^>' + 4(p - l)2(g + 1)4^^1^' + (g + 1)6^^'] 

+37[(P - 8)(p - 1)2^1 + (g + l)iA = 0. (4.40) 

We find for M-theory that there are solutions with ji — Q and 

{dp, v) = (0.63074, ±0.49021), (4.41) 

and for type II superstrings 

{dp, v) = (0.86033, ±0.62007), (4.42) 

for t +00 (-00) for 1/ > (< 0) 

The second case is obtained by exchanging p, and g, u. The solutions are 

(CTg,//) = (0.28708, ±0.65615), (-0.61904, ±0.61935), (-0.08823, ±0.60255), (4.43) 

for M-theory and 

(5-5, /x) = (0.45670, ±0.76553), (-0.13097, ±0.62004), (4.44) 
for type II superstrings. They are qualitatively the same. 
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For fiu 7^ 0, if our ansatz for solutions is imposed, it is easy to see that there is no 
asymptotic solution if /j, and are of the opposite signs. If they are of the same sign, either 
t — > +00 or i — > —00 gives Ap /J^, Ag and there may be solutions. This implies 

that inflationary solutions with positive eigenvalues are obtained for asymptotic infinite 
future, so that these are not interesting from the cosmological point of view. However it 
may be useful to check if there are any solutions of this type. In fact we find that there 
are asymptotic solutions for M-theory 

(//, v) = ±(0.79683, 0.10792), ± (0.55570, 0.34253), ± (0.40731, 0.40731), (4.45) 

where negative (positive) one is for t — > —00 (00). For type II superstrings, we have 

(//, v) = ±(0.79988, 0.12991), ± (0.50754, 0.50754), ± (0.49618, 0.51313). (4.46) 

4.3.2 Power-law solutions (e = 1) 

In this case, we first consider the cases when both [i and v are not equal to 1. 

(1) /X > 1 and V > \: 

For t — > cxD, the EH term dominates and we obtain the asymptotic solutions in sub- 
section 3.1.2. Again no solutions satisfy the condition of > 1 and v > \ (see Eq. (3.22)) 
and hence there is no asymptotic solution of our form. 

As t — > —00, the fourth-order terms become dominant and we find no consistent 
solution from the forth-order terms. 

(2) /X < 1 and v <\: 

As t — ^ 00 with EH dominance, we again find no consistent solution. As t —00 
with fourth-order-term dominance, we obtain the asymptotic solutions in Eqs. (4.17) and 
(4.18) in subsection 4.1.2. 

(3) /X > 1 and v <1\ 

As t ^ 00, — > //^ and A^ — > o-ge^*^^""^^*. This is similar to the case (2) in subsec- 
tion 4.2.2. There is no asymptotic solution of our form. As i — > —00, A^ — > Ope^^^'^^^ 
and Aq^ v^. We find no solution. 

(4) /X < 1 and v > \: 

Here we reach the same result by exchanging p, \x and g, v. No asymptotic solution of 
our form is obtained. 
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Next, wc discuss the cases in which one of or i/ is equal to 1 and the other is not: 

(5) n > 1 and u = 1: 

As i — > oo with EH dominance, Ap ^ /x^, and we recover the case of ap — 0,aq ^ 0. 
However, there is no solution with /i > 1. We do not have any asymptotic solution of our 
form. As t — > — oo with fourth-order-term dominance, Ap — > apc'^^^'^^*. We again do not 
have any asymptotic solution of our form. 

(6) fj, < 1 and u — 1: 

As t — s> oo with EH dominance, Ap diverges as o'pe^'^^"^^*. There is no asymptotic 
solution of our form. As t ^ — oo, we again recover the case of cXp = 0,ag ^ with 
the fourth-order-term dominance (4.24). Since this asymptotic solution is consistent with 
II < 1, we have an asymptotic power-law solution. (Note that this was an exact solution 
for ap — 0.) 

(7) = 1 and u > 1: 

The analysis is almost the same as the case (5). There is no asymptotic solution. 

(8) /X = 1 and u < 1: 

The analysis is almost the same as the case (6), then we find the asymptotic solution 
as t ^ — oo, which is the same as the case of ap ^ 0,aq = 0. 
Finally, wc consider the remaining case. 

(9) pL — l and u — 1: 

Here we have constant Ap — 1 + ap and Ag — l + ag. Ast ^ +oo with EH dominance, 
and we recover the solution (3.54) of subsection 3.3.2. For p = 3, ^ = 7, we get {ap, ag) — 
(-- --) 

\ 2' 2/' 

For t — > — oo with fourth-order-term dominance, we get two independent equations 
for Ap = 1 + ap, Ag = 1 + ag-. 



PrA^p + Ap^q^AlAg + 6p3?3^p^g + Apiq^ApA^ + q^A\ + 8(^6?^^ + ^PAq2AlAg 
+3p2q4ApAl + pgg^?) + 24(p5gi^J + 2^353^^^^ + piq^A^) + 32(^4^2^^ + P2q4Ag) 

+ 16^3^3] + 7 [-7^4 + 2p{Ap - l)Np + 2q{Ag - l)Ng\^ = 0, (4.47) 
[(p - 1)8^^ + 4(p - l)eqiAlAg + 6(p - l)4q3AlAl + 4(p - l)2q5ApAl + q^A\ 
+8 {(p - l)jqAl + 3(p - l\q2AlAg + 3(p - l^q^ApA] + {p - l)g6^'} 
+24 {{p - lUiAl + 2{p - 1)4^3^^^^ + (P - 1)2^5^;} + 32 {(p - l)5q2Ap + (p - 1)3^4^9} 

32 



+16(p- 1)453 +7 U-{p + q-7){2Np + qU)-2{Ap-l)Np 



0, 



(4.48) 



where 



^4 = 3p2^J + 3g2^J +pig(2^p + lf+pqi{2Ag + 1)^, 
N, = 4(p - 1) [3(p - 2)AJ + 5(2Ap + 1)] , 
= 4(g - 1) [3(g - 2)Al+p{2Ag + 1)] , 
t/ = 4 [(p - 1) {Ap + 1) (2Ap + 1) + (g - 1) (Ag + 1) (2A, + 1)] . (4.49) 

For p — 3, we have four real solutions 

q = 7 (M-theory) 
{Ap,Aq) = (12.2143,-10.4313), (0.43403,-0.60288), 

(0.19127,0.73878), (-2.10241,-0.19306) (4.50) 



q — 6 (Type 11 string) 
{Ap,Ag) = (5.5316,3.1354), (0.21214,-0.66202), 

(-1.3472, -0.31116), (-33.5609, 19.4154). 



(4.51) 



5 Summary and discussions 

We have found generalized de Sitter solutions 

a oc e'^*, b oc e"* for e = 0, 

and power-law solutions 

a oc r^, b (X t" for e = 1. 

In the Einstein frame. 



aE(xt% , 0-</.(°) + </.iln[tE/4°^], 



where 



^ ^ {P - 1)/^ A _iP- 

qu 



A = 1 + -^^^^^ — , 01 = ^^^^ — for e = 0, 



9 

(P - 1)/X + (P- l)'^ n 1 

A = — — , 01 = — — — for e = 1. 

[p-l) + qv (p - Ij + qv 
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(5.1) 



(5.2) 



(5.3) 



(5.4) 



Note that the values of fi and u in generahzed de Sitter solutions (5.1) depend on the 
choice of the unit. In the heterotic string theories, we adopt a' = 1, while in the M-theory 
and the type II string theory, we use the unit of I7I = 1, i.e. mn = 6~^/^(47r)~^/^ ~ 
0.1818176. If we set mn = 1, the values of and u in the following tables should be 
multiphed by the factor 6^/^(47r)^/^ ~ 5.5. On the other hand, the power exponent and 
1/ in the power-law solutions (5.2) or A in (5.3) are dimensionless and they do not depend 
on the choice of the unit. 

We summarize our results in the following tables for the cases of the heterotic string 
theories and M-theory in order. For asymptotic solutions, the time regions for where 
the solutions are valid in the Einstein frame are also included. In the last lines of the 
tables, we include the type of two spaces {dSp, dSg). K means the kinetic dominant space, 
in which the curvature term {ap, or ag) is either zero or can be asymptotically ignored. M 

denote the Milne-type space, which is described by ds'^ — —dt'^ + t'^dSp-\ with ap — — 1, 

or ds^ — —dt^ -\- ■ • ■-\-t'^ds'^ with Uq — —1. Similarly, we define a constant curvature space 
C by (Tp = 1 or (Tg = 1, and So and S± are static spaces with zero curvature and positive 
(or negative) curvature, respectively. The result for the type II string model, which is 
similar to the case of M-theory, is given in Appendix D. 

5.1 Heterotic strings 

Exact solutions are given in Table 1, future asymptotic solutions in Table 2 and past 
asymptotic solutions in Table 3, where - means that the radius can be arbitrary. 

Since we are interested in inflation in string theories, we pick up such solutions and 
give comments on those. In the original frame, we find HE1+ (HF3, HP3) give an expo- 
nential expansion whereas HE2+ (HF4, HP4) and HP5 give a power-law inflation. In the 
former solutions the extra space expands exponentially, while the internal space shrinks 
exponentially. However, in the Einstein frame, they correspond to a non-inflationary 
power-law expansion and HE2+ (HF4, HP4) and HP5 give a power-law inflation. An- 
other interesting observation is that we could obtain an expansion of the universe in the 
Einstein frame from an external space shrinking in the original frame [HE1_ (HFl, HPl), 
HF6, HP6, HP7, HPS]. 
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5.2 M-theory 

Exact solutions are summarized in Table 4, future asymptotic solutions in Table 5 and 
past asymptotic solutions in Table 6. 

Here we also focus on inflationary solutions. In the original frame, ME1+(MF5), 
ME2+(MF6), ME3+(MF7), ME4+(MF2), ME5+(MF3), ME6+(MF4) give an exponential 
expansion for the external space. In the Einstein frame, we find either a power-law infla- 
tion [ME1+(MF5), ME2+(MF6), ME3+(MF7)] or an exponential expansion [ME4+(MF2), 
ME5+(MF3), ME6+(MF4)]. Just as the case of the heterotic strings, we obtain strange 
solutions MPS ~ 7 and MP 11, in which the external space shrinks exponentially in the 
original frame, but it expands by a power law in the Einstein frame. In the past asymp- 
totic solution MP12, we also find a power- law inflation both in the original and Einstein 
frames. 

5.3 Concluding remarks 

Before we apply our solutions to cosmology, we have to specify what kind of the universe 
we are looking for. We wish to have an inflation in the early stage of the universe. We 
also hope to find an accelerated expansion in the present stage, if possible. Note that our 
cosmological model is higher-dimensional, so that there are two kinds of frames that we can 
take to discuss cosmologies, the original frame and the Einstein frame in four dimensions. 
We must first determine in which frame we should consider the problem. Notice that 
the flatness and horizon problems should be explained in our four-dimensional spacetime 
for a successful inflationary scenario. If the radius of the internal space does not change, 
there is no difference between these frames. On the other hand, the four-dimensional 
gravitational constant depends on time in general unless we take the Einstein frame when 
the radius of the internal space changes as in the present case, and this is not preferable 
for a model of our universe. It thus appears more reasonable to consider the problem in 
the Einstein frame. Also the condition for the inflation in the Einstein frame is sufficient 
for that in the original frame. For these reasons, we require a successful inflation in the 
Einstein frame. This may be regarded as a criterion for the succesful inflation independent 
of the mechanism of flxing the size of the internal space. 
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Next, wc need at least 60 e-foldings of inflationary expansion. This may give some 
constraint on the power exponent for a power-law inflation, that is, the power exponent 
should be significantly larger than unity. As we mentioned above, some solutions give 
an inflation in the Einstein frame but the external space shrinks in the original higher 
dimensions. Are such solutions suitable for a good cosmological model? The answer is 
NO. Our four-dimensional universe makes sense only if it is much larger than the internal 
space, so the external space should expand faster than the internal space. Its expansion 
may not necessary to be inflationary, but at least the external space must be expanding 
in the whole space. 

From these considerations and the above list of solutions, we conclude that the M- 
theory (and type II string theories) can provide successful inflationary solutions. In the 
heterotic string theories with Gauss-Bonnet term, although we find exponential expan- 
sions of the external space in the original frame, those give non-inflationary power-law 
expansions in the Einstein frame. There is a power-law inflation HPS in the past asymp- 
totic regime. However, the power exponent is 3.3, which may be too small to solve flatness 
and horizon problems, because we do not expect the expansion in these solutions contin- 
ues so long. We also have a super inflation HE2+ (HF4, HP4) in the Einstein frame [25]. 
In this case, we have to clarify a mechanism to avoid the singularity at tE = 0. 

In the M-theory, we find seven candidates (ME1+, ME2+, ME3+, ME4+, ME5+, ME6+ 
and MP12). Among these, we can first exclude ME2+ and ME3+ because the internal 
space expands almost at the same rate as the external space. As for the solutions ME1+ 
and MP12, we could also reject them because the power exponents in the Einstein frame 
are 3.1 and 4.1, which may be too small. However, this does not completely exclude the 
solutions because they may give large e-foldings if the inflation lasts for long time. To 
check this, we have to analyze how long such an inflationary period can continue. In our 
previous paper [23] , we showed that although the period may be too short for the present 
value of 0:4 in the solution ME1+, if we change the coupling constant slightly, we find 
a successful inflationary scenario with large extra dimensions. Such change of coupling 
constant is possible because there is intrinsic ambiguity in the terms of effective action 
involving Ricci tensors and scalar curvature. 

For the solutions ME4+,ME5+,ME6+, we find an exponential expansion of the external 
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space both in the original and the Einstein frames, and the internal space is static. Hence 
those solutions may provide a successful inflationary scenario. 

Which solution is preferable? In order to answer this question, we have to analyze 
the dynamics of our system. Then we should study the stabihty of those solutions both 
perturbatively and non-perturbatively and find how large e-folding we can get. This study 
is in progress and the results will be reported in the forthcoming paper [24]. 
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A Equations of motion 

Taking variation of the actions, we find the basic equations (2.13) - (2.15), where each 
term is summarized here according to which action it originates from. We use the following 
notation throughout this paper. 



(P 



m) 
m) 



n 



n 




m — 2) ■ ■ ■ {p — n), 
m-2)---(q-n), 

ill + cTge2(«o-"2), 




X = 



(A.l) 



The Einstein equations are given by the following three equations: 



F^") = 







(A.2) 
(A.3) 
(A.4) 
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where 



dS ' 



J2^n + Fs, (A.5) 



n=l 
4 



duo 
p dui 



n=l 



qdu2 , 

n=l 



with 



i^i"^ = fi'^+g^r^^X + h^^^Y (A.8) 

^i"^ = ^i'^^F + . (A.9) 

fn\gn\h^\ fn\gn \ and /li^^ are functionals of rto, wi, ^2, ^p, and Aq, while Fs,F^\ 

and Fg*' are functionals of Wi, «2, 'Ui, ^2, iii, ii2, ^i, M2, -'^j and Y. The 
explicit forms of each term are listed here: 
(1) EH action {n = 1) 





= ttie ""^ [piAp + giAy + 2pquiU2] , 




(A. 10) 




= aie-"° [(p- 1)2^^ + ^1/1, + 2(p- 


l)quiU2] , 


(A.ll) 




= Q;ie-"° [pi^p + (g - 1)2^9 + 2p(g ■ 


- I)'iti'it2] , 


(A.12) 


9? 


= 2(p-l)aie-"°, 




(A.13) 




= 2(g-l)aie-"°, 




(A.14) 


hf^ 


= 2gaie-"°, 




(A.15) 




= 2pQ;ie-"°. 




(A.16) 



(2) GB action (n = 2) 

F2 = a2e"^"°[p3^p + 2pigiApAg + ggAj + AuiU2{p2qAp + ^^2^9) + ^Piqiululi (A.17) 
/(^') = a,e-3»o [(p - 1)4^J + 2(p - l)2gi^p^, + q^A] 

+ ^u^U2 {{p - l^qAp + ip- l)q2Ag) + 4(p - l)2qiuiul] , (A.18) 
/(^) = (,26-=^"° [{q - l)4Al + 2{q - l)2PlApAq+p3Al 

+ 4mi«2 iiq - l)3pAg + {q- l)p2^p) + 4(g - l)2Piulul] , (A.19) 
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= 4(p - l)a2e~'"" [{p - 2)sAp + q^A^ + 2{p - 2)qu,U2] , (A.20) 

# = 4(g - l)a2e-'"° [(g - 2)3^1, + piA^ + 2{q- 2)pu^u-,] , (A.21) 

h^^ = 4gQ;2e-^"° [(p - l)2Ap + iq- 1)2^, + 2(p - - 1)^11^2] , (A.22) 

/ij^ = 4pa2e-'"« [(g - 1)2^, + {p- l)2Ap + 2(p - - l)uiU2\ • (A.23) 

(3) Lovelock action (n — 3, 4) 

F3 = ase^^""^ [p5^J + 3^391^5^9 + SpiqaApAl + q^A^ + QuiU2{pAqAl 

+2p2q2ApAg + pq^Al) + 12ulul{p3qiAp + piq^A^) + %p2q2ulv?^ , (A.24) 

# = a3e-^"° [(p - 1)6AJ + 3(p - 1)4?^^^, + 3(p - l)2q3ApAl + q.A^ 

+6U1U2 {{p - l)5qAl + 2{p - l)3q2ApA^ + {p- l)g4^J) 

+12ulul {{p - l)^qiAp + {p- 1)293^,) + 8(p - l)m2u\v^2\ , (A.25) 

# = age-^"" [(g - l^A^ + 3(g - l)4Pi>l^ + 3(g - l)2P3A,Al + 

+6lHt(2 ((? - 1)^PAI + 2(g - l)3P2AqAp + (g - l)p4^p) 

+12m2m2 _ + _ i)2p3Ap) + 8(g - l)3P2^f'iM2] , (A.26) 

g'i'^ = 6(p - l)a3e-'"° [{p - 2)5^ + 2(p - 2)3^1^^^, + q^Al 

+Au^U2 Hp - 2)^qAp + {p- 2)q2Ag) + 4(p - 2)3qiulul] , (A.27) 
g^^^ = 6(g - l)a3e-'"° [{q - 2),Al + 2{q - 2)sPiApAg + p^Al 

+4miM2 ((g - 2)ipAq + {q- 2)p2Ap) + 4{q - 2)3Piulul] , (A.28) 
hl'^ = 6ga3e-5"° [{p - l\Al + 2(p - 1)2(5 - 1)2^^^, + - ^)^A\ 

+4^/iM2 ((p - 1)3(? - + (P - - 1)3^) + 4(p - 1)2(5 - l)2^?it^] , (A.29) 
hf = 6pa3e-'"° [{q - 1)4^^ + 2(g - l)2(p - 1)2^^^, + (p - 1)4^^ 

+4kiK2 ((g - l)3(p - l)A, + (g - l)(p - 1)3^^) + 4(p - 1)2(5 - 1)2^2^^] , (A.30) 
F4 = Q;4e-^"° [prAj + ^p^iK^q + ^P^^KK + ^Pi^s^p^g + gr^J 

+8MiM2(P6g^p + 3p4g2^pA + 3p2g4^p^g + pge^g) 

+2Aulul{p5qiAl + 2p3q3ApAq + piq^A^) + 32M5M^(p4g2^p + P2g4^g) + 16p3g3MiM2] > 

(A.31) 

= a4e-'"° [(p - l)sAl + 4(p - l)6gi4^, + 6(p - 1)4^3^^^? + 4(p - 1)2^5^^^? + gr^J 
+8uiU2 ((p - 1)7^4 + 3(P - 1)552^^9 + 3(p - l)3qiApAl + (p - 1)^6^3 



(9) 



9? 



9^' 



+2Aulul {{p - l)eqiAl + 2(p - 1)493^^^9 + {p - l)2g5^') 

+32ulul {{p - l)5q2Ap + {p- l)3q4Ag) + 16(p - l)4q3uM] , 

^46-^"° [{q - 1)8^^ + 4(5 - l)ePiAlAp + 6{q - 1)4^3^?^' + 4(g - 1)2^5^,4 

+8U1U2 {{q - 1)7PAI + 3(g - l)5l>2^J^p + 3(g - 1)3^4^,^^ + {q - 1)P64) 

+24M2ii2 ((^ _ l)6pi^J + 2(g - l)4P3^p^g + {q- 1)2P5^J) 

+32^i?it^ ((g - 1)5P2A + - l)3P4Ap) + 16(g - l)mutut] , 

8{p - l)«4e-'"° [{p - 2)rAl + 3{p - 2),q,AlA, + 3{p - 2),q,ApAl + q.A^ 

+6U1U2 {{p - 2)(,qAl + 2{p - 2)4g2^p^, + {p- 2)g4^S) 

+12^i?it2 ((p - 2)5gap + (p - 2)353^5) + 8(p - 2)4g2tt?ttl] , 

%{q - l)«4e-'"° [(g - 2),Al + 8(5 - 2)5^1^^^^ + 3{q - 2)^p^A^Al + p^Al 

+QU1U2 {{q - 2)qpAI + 2{q - 2)^p2ApAg + {q - 2)p^Al) 

+12ulul {{q - 2)5PiAg + {q- 2)3^3^^) + 8(g - 2)4P2ulul] , 

8ga4e-'"° [{p - 1)6^^ + 3(p - 1)4(5 - 1)2^^^ + 3(p - 1)2(5 - ^MpA^ + {q 

+6u,U2 {{p - 1)5(5 - l)Al + 2{p - 1)3(5 - l)3ApAg + {p-l){q- l),Al) 

+12ulul {{p - 1)4(5 - l)2^p + {p- 1)2(5 - 1)4^,) + Sip - 1)3(5 - l)3ulul] , 

8pa4e-'"° [(5 - 1)6^^ + 3(5 - 1)4(P - l)2AlAp + 3{q - l)2{p - l)4A,Al + [p 

+&u,U2 ((5 - IUp - l)Al + 2{p - 1)3(5 - 1)3^pA + (? - 1)(p - 1)5^') 

+ I2ulul ((5 - l)4(p - 1)2^, + (5 - IUp - l)4Ap) + 8(p - 1)3(5 - 1)3W?W2] • 



(A.32) 
+ P7AI 



(A.33) 



(A.34) 



(A.35) 
(A.36) 

1)6^ 

(A.37) 



(4) Ss action 
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-pui—qU2 



-7 La + 2a e2(«o-«i)^ , 2(7 e2(«o-"2)^ + ( i,,^ + i,,^ 



-pu\—qU2 



(A.38) 



dL^ 9L4 9L4 
2^1 



ax 



dAp dill 



+ ^ 



df^ \ dX 



(A.39) 



2^2 



dY 



' dAq dU2 



V dY 



(A.40) 
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where 



L4 = e-7"o+f«i+'^-2 [p^X\X + 2Apf + qiY\Y + 2A,f + 2pg(XF + (X + F)miM2)' 

+ 3p2^p + 3g2^5 +pigM^M^(?:tiM2 + 2Apf + pqiulul{uiU2 + 2Ag)2] , (A.41) 

a 7- 

_^ = 4pe-7-o+P«i+.«2 [(^ _ + ^^)(^ + 2^p) + q{Y + urU2){XY + {X + Y)u,U2)] , 

(A.42) 

_A = 4^g-7«o+P«i+.n. _ ^ j^^^^^Y + 2yl,) + p(X + u^U2){XY + (X + F)Miii2)] , 

(A.43) 

^ = 4pie-^"°+^"^+«"^ [X\X + 2Ap) + 3(p - 2)Al + ?tt?^^(ttitt2 + 2A,)\ , (AAA) 

OAp 

— i = 4gie-^"°+P"i+«"^ [y2(y + 2Aq) + 3(g - 2)^^ ^ ^^2^2^^^^^^^ + 2>1,)] , (A.45) 

OAq 

= Apq e-7«o+P«i+5«2 + Y){XY + {X + Y)u^U2) 

+ (p - l)'Ui'U2('Wi'?i2 + Ap){uiU2 + 2^4^) + - l)uiU2{uiU2 + ^9)('?ii'?i2 + 2^^)] , (A.46) 

BL 

= Apq e-7"o+f«i+««2 r^j^ ^ Y)iXY + (X + y)i(iM2) 

aii2 

+ (p - l)UiU2{UlU2 + ^p)(MiM2 + 2^^) + {q - l)UiU2{UlU2 + ^g)(MlM2 + 2Ag)] . (A.47) 



B Inputting our ansatz into solutions 

In order to find solutions, we assume 

Uq — et ,Ui — -\- In aQ ,U2 — yt + In . (B-l) 

Inserting this form into the above equations (Eqs. (A. 10) - (A. 23)) and setting 

= //^ + a.e^^-'^)*, A,^v'' + a,e'^^-''^\ ~a,^\ ~a,^% (B.2) 
X = [x{ii-t), Y = v{y-e). (B.3) 

we obtain 

Fi = aie"^* \p\\ + + 2pg//i/] , 
Z^^') = Q,ie-^*[(p_i)2^^ + 5^^^ + 2(p-l)gH, 
= aie-^* [piAp + (g - 1)2/1, + 2p(g - 1)H , 

41 



2qaie-'\ h^^^ = 2pa^e-'\ (B.4) 

a2e~^'* [p^Al + 2pigi^pAq + q^Al + A^v {p2qAp + pqiA^) + Ap^q^ii'^v'^] , 

a2e-^'' [{p - l)4Aj + 2{p - l)2qiApAg + qsA^ 

+4liu {{p - l)3qAp +ip- l)q2Ag) + 4(p - Ijagi/^'z^'] , 

«2e-=^^* [(g - 1)4^5 + 2(g - l)2PiAp^, +P3^p 

+4/iz/ ((g - l)3pA, + (g - 1)^2^^) + 4(g - 1)2^1/^^2] , 

4(p - l)a2e-'^* [(p - 2%Ap + qiAg + 2{p - 2)qfiu] , 

4(g - l)a2e-^'' [{q - 2)sAg +piAp + 2{q - 2)pfiu] , 

Aqa2e-^'' [(p - 1)2^^ + (q - 1)2A, + 2(p - l)(g - 1)H , 

4pa2e-='^* [(p - l)2Ap + {q - 1)2^, + 2{p - l){q - 1)H , (B.5) 

a^e-^'^ [piAl + Ap^q^AlAq + 6p3?3>ip>lg + Ap^q^ApA^ + gy^J 
+8//i/(p69^p + ?>PAq2AlAq + 3p2g4>lp>l' +pg6^g) + 2An^v''{p^q^Al 
+2psqsApAg + pigs^') + 32^i'^u%p^q2Ap + ^2^4^) + IQpsqsf^^i^^] , (B.6) 
a;4e-^^* [(p - IjgAj + 4(p - l)eqiAlAg + 6(p - 1)4^3^^^^ + 4(p - 1)255^^^5 
+57 + S^iu {{p- l)7qAl + 3(p - l)5?2^pA, + 3(p - l)3q4ApAl 
+ip - l)qsAl} + 24^V2 {{p - l)eq,Al + 2{p - 1)493^^^ + (P " ^hq^A^} 
+32/x3i/3 {(p _ 1)5^2^^ +{p- 1)3^4^ J + 16(p - 1)453/^'^^'] , (B.7) 
8(p - l)a4e-^'' [(p - 2)7Al + 3(p - 2)5?!^^^, + 3(p - 2)3^3^^^^ + q^A^ 
+6l^u {{p - 2)eqAl + 2{p - 2)4^2^^^ + (p - 2)54^;} 

+12/iV2 {{p - 2)^q^Ap + {p- 2)3^3^,} + 8(p - 2)4g2/tx'V3] , (B.8) 
8ga4e-'^* [{p - Ije^ + 3(p - 1)4(5 - 1)2^^^, + 3(p - 1)2(5 - 1)4^^^^ 
+(g - 1)6^5 + {(p - l)5(g - l)Al + 2(p - 1)3(5 - l)zApA, 
+{p - l)(g - 1)5^^} + 12^2^2 _ _ + (p _ _ 
+8(p- 1)3(5 -1)3/^V], (B.9) 
(g - 1)8>1J + 4(g - l)ePiAlAp + 6(g - 1)4^3^^^ + 4(g - 1)2^5^,^^ 
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where 



+P7^p + Sflu { {q - l)7pAl + 3{q - 1)5^2^^^^ + 3(g - 1)3^4^9^5 
+{q - 1)pgAI} + 2Vz/2 {{q - l)ePiAl + 2{q - 1)4^3^^^, + (g - IjsPs^J} 
+32//=^^/=^ {{q - l),p2A, + {q- 1)3^4^^} + 16{q - 1)4^3/^ V^] , (B.IO) 
8(g - l)a,e-'^' [{q - 2)7^^ + 3(g - 2)5^1 AjAp + 3(g - 2)3^3^,4 + 
+6l^u{{q - 2)epAl + 2{q - 2)4P2^p^g + {q - 2)p4^J} 

+12//V2 {(g - 2)5Pi^g + (g - 2)3P3^p} + S(q - 2)4^2//^^^'] , (B.ll) 



-let 



{q - l),Al + 3{q - l),{p - l)2AlA, + 3(g - lUp - 1)4^,^ 
+ {p- l),Al + Q^v{{q - IUp - l)Al + 2{p - lUq - 1)3^^^, 
+(g - - 1)5^J} + 12/iV2 {(g - l)4(p - 1)2^, + (g - l)2(p - 1)4^^} 



+8(p-l)3(g-l)3)uV 



(B.12) 
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-7L4 + (-7e +PH + qu) {p^Mx + gz/My) 



+2a^e'(^-'')V {TVp + /x(e - /x)Ppx} + 2a,e'(^-'^)*g {TV, + v{e - v)P^y} 1 , (B.13) 
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L4 + (-7e + pyu + gz/) {(e - 2/x)Mx - 2iiNp - qvU 
+4(e - //)ap6'(^-'^)*Pj,x} + (-7e + p/i + qvfMx + 2ap6'(^-'')* | 
+ (e - ^x) [(e - 2/x)Ppx - '^fiQpp - (p - l)qiyVp] } - 2(e - i/)a,6'(^-'^)*gii/y, 
+4(e - /.)2a^62(-^)*Ppx + 4(e - i,yay^^->^^'Rpx] , (B.14) 
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P4 + (-7e + pijL + qv) {(e - 2v)My - 2vNq - pjjU 
+4(e - z/)age'(^-'^)*P,y} + (-7e + qvfMy + 2ag62(^-'^)*| 
+(e - v) [(e - 2i/)P,y - 2vQqq - p{q - l)iiVg\ } - 2(e - ii)ape^^'-^^'piiiVp 
+4(e - z/)2a,e2(-'^)*P,y + 4(e - z/)2a26^(^-^)*P,y] , (B.15) 



L4 = PiX''{X + 2Ap)'' + qiY\Y + 2Ag)^ + 2pq{XY + {X + Y)fiiyf 

+3p2^J + 3g2^J + p^qix'v^iiv + 2Aj,f + pqifi^p^fip + 2^,)2, (B.16) 

Mx = 4[(p-l)X(X + Ap)(X + 2Ap) + g(y + H(Xy + (X + y)H], (B.17) 

My = 4[(g-i)y(y + yi,)(y + 2^,)+p(x + H(^^ + (^ + ^)H], (B-is) 



Np = 4(p-l) [X'(X + 2Ap) + 3(p-2)4 + g/xV(/^z/ + 2/lp)] , 
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(B.19) 



N 


— A(n — 1 ^ \y'^(Y -\-2A ) -\- "^(n — 2)A^ -\- nii'^i/( iiu -\- 2 A )] 


(B 20) 

I J-J .ZjKJi 


P V 






P V 


— A(ri — l)Y(^Y + AA ) 

— ^)-' V'-'-' '^^q)i 


(B.22) 


o 


— A(r) — 1] \2X'^ -\- Qfn — 2)A'^ -\- 2nll'^^/^ 


fR 23"! 


o 

^qq 




fR 241 


R V 

J^pX 


= 16(p-l)X, 


(B.25) 


ilqY 


- 16(g-l)y, 


(B.26) 


U 


= 4[(X + F)(XF + (X + r)H 






+(p - l)nu{fxu + Ap){fxu + 2Ap) + {q- l)nu{fxu + Ag){fxu + 2Ag)] (3.27) 




= 4//i/(3//i/ + AAp) , 


(B.28) 


Vq 


= 4/iz/(3/iz/ + AAq) . 


(B.29) 



C Generalized de Sitter solutions with flat spaces 

If we assume e = 0, = 0, and cr^ = 0, we find two independent basic equations without 
constraint. Setting X — ji^ — Ap and Y — v'^ — Ag, we obtain the following terms: 



(p) 



(9) 



17(1) _ 



TP(1) _ 



Oil [PiA*^ + gii^^ + 2pqiJ,u] , 
Fi - quHi, 

Fi +piJ,Hi, 

«2 [psfJ''^ + 4:jj,u{p2qiJ,'^ + pq2i^'^) + 6pigi/x^i/^ + ggi/^] , 
F2 - qiyH2, 

<^4\p7l^^ + 8pQqf/iy + 28p5qi^^iy'^ + b&p^q2H^y^ + YOp^qajj.'^iy'^ 

+ 56p2g4A*^i^^ + 2%piq^^j?v^ + Spqe/^u'^ + qr^^], 
F4 - qi/H^, 
Fi +pfxH4, 



7 



- 7L4 + ipii + qv) ipiiMx + qvMy) 



C.7) 
C.8) 

C.9) 
(C.IO) 
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where 



4" 



Fs - 'jquHs 
Fs + IPI^Hs , 



(C.ll) 
(C.12) 



Hi = 2ai(ii-u), (C.13) 
H2 = Aa2{l^-u)[{p- 1)211^ + 2{p-l){q-l)iiu+{q-l)2iy^], (C.14) 
Sa,{fi - v) [{p - l)6/x^ + 6(p - 1)5(9 - + 15(p - 1)4(9 - 1)2^' 

+20(p - 1)3(9 - l)3/^'i^' + 15(p - 1)2(9 - l)4/x'i^' 

+6(p - 1)(9 - l)5/^i^' + (9 - 1)6^^'] , (C.15) 

3(p + 1)1/ + 3(9 + l)iz/^ + 2p9(/i2 + z/2 + nufi/u'^ 

+Pi9/z/2(2/x + z^)' + P9iAf'z^^(Ai + 2^^)', (C.16) 
4 [6(p - l)At^ + 9Ati/'(At + u)(iJ.^ + + H] , (C.17) 

4 [6(9- l)z/6+p/i2zy(;x + zy)(;x2 + i/2 + ;xz/)] , (C.18) 

47(/i - u) 6{p - 1)/ - (p - l)(p + 69 - 6)/iV - (2p2 - 7p - 39 + 6)/iV 
-{P^ - (49 + 3)p + 9^ - 39 + 6}//^i/^ - (29^ - 79 - 3p + 6)//V^ 



L4 = 
My = 



-(9 - 1)(9 + 6p - 6)Aii/^ + 6(9 - ly 
Since the second and third equations are given in the form 

F(p) = F - quH, and F^^) = F + p/xi/ 



(C.19) 



(C.20) 



those are are equivalent if 7^ and u ^ 0. Then we can take the following two algebraic 
equations as our basic equations. 

4 

^F„ + F5 = 0, (C.21) 



n=l 
4 



(C.22) 



n=l 



D Solutions in type II string 



Here we summarize the case of Type II string. Exact solutions are in Table 7, future 
asymptotic solutions in Table 8 and past asymptotic solutions in Table 9. 
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Here we have the similar results to the case of the M-theory. Let us focus on inflation- 
ary solutions. In the original frame, IIE1+(IIF4), IIE2+(IIF5), IIE3+(IIF6), IIE4+(IIF2), 
IIE5+(IIF3) give an exponential expansion for the external space. In the Einstein frame, 
we find either a power-law inflation [IIE1+(IIF4), IIE2+(IIF5), IIE3+(IIF6)] or an expo- 
nential expansion [IIE4+(IIF2), IIE5+(IIF3)]. Just as the case of the heterotic strings, 
we obtain strange solutions IIP4~6, in which the external space shrinks exponentially in 
the original frame, but it expands by a power law in the Einstein frame. In some past 
asymptotic solutions [IIP7 and IIP 11], we also find a power law infiation both in the 
original and Einstein frames. 
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Table 1: Heterotic string: exact solutions. K, M, and So mean a kinetic dominance, a 
Milne type space, and a flat static space, respectively. - means that the radius can be 
arbitrary. 





e 




aq 


M 


v 


ao 


6o 


A 




type 


HE1± 











±1.366 


TO.9657 






0.5285 


TO.3219 


K K 


HE2± 











±2.506 


TO.3916 






-1.132 


TO.1305 


K K 


HE3 


1 





-1 





1 




1 


0.75 


0.25 


So M 


HE4 


1 


-1 





1 





1 




1 





M So 



Table 2: Heterotic string : future asymptotic solutions — > oo). M means a Milne type 
space. The time regions for Ie where the solutions are valid in the Einstein frame are also 
included. 
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tE 


type 
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±1 


-1.366 


0.9657 






0.5285 


0.3219 


— !■ QO 


HE1_ 
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±1 


-2.506 


0.3916 






-1.132 


0.1305 


OO 


HE2_ 


HF3 





±1 





1.366 


-0.9657 






0.5285 


-0.3219 


- 


HE1+ 


HF4 





±1 





2.506 


-0.3916 






-1.132 


-0.1305 


~ 


HE2+ 


HF5 


1 








0.5556 


-0.1111 






0.3333 


-0.1667 


OO 


Kasner 


HF6 


1 








-0.3333 


0.3333 






0.3333 


0.1667 


OO 


Kasner 


HF7 


1 


-1 


-1 


1 


1 


0.5 


0.7906 


1 


0.25 


OO 


M M 
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Table 3: Heterotic string: past asymptotic solutions (t — » — oo). K, M, and C mean a 
kinetic dominance, a Milne type space, and a constant curvature space, respectively. 
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±1 
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0.2706 


~ 


K K 
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1 


0,±1 
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-0.1951 


0.5975 






0.5720 


0.2140 


~ 


K K 


HPS 


1 
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-1 


-1.146 


1 




2.420 


0.4635 


0.25 


~ 


K M 


HP9 


1 


0,±1 


1 


-7.854 


1 




0.9242 


-1.214 


0.25 


~ 


K C 


HPIO 


1 


±1 


-1 





1 




1 


0.75 


0.25 


~ 


K M 


HPll 


1 


-1 


±1 


1 





1 




1 





- 


M K 
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1 


1 


0,±1 


1 


-1 


1.2247 




1 


0.5 


^ — oo 


C K 


HP13 


1 


-1 


-1 


1 


1 


0.6507 


0.5920 


1 


0.25 


~ 


M M 



Tabic 4: M-thcory: exact solutions. K, S±, So, and M mean a kinetic dominance, a static 
space with positive (or negative) curvature, a flat static space, and a Milne type space. 
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±0.1079 
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±0.03083 


K K 
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±0.3425 
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±0.09786 


K K 


ME;] : 
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±0.4073 






1.28.')7 


±0.11()4 


K K 


ME4± 








1 


±0.6562 







1.866 







K S+ 


ME5± 








-1 


±0.6194 







1.271 







K S_ 


ME6± 








-1 


±0.6026 







3.367 







K S_ 


ME7± 





1 








±0.4902 


1.259 
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±0.1401 
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So M 
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1 





1 




1 





M So 
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Table 5: M-theory: future asymptotic solutions {t — > oo). M means a Milne type space. 
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±1 
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1.4636 
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— > oo 
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±1 
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1 
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-0.1455 


— > oo 
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MF9 


1 








-0.3583 


0.2964 






0.3333 


0.1455 


— > oo 


Kasner 


MFIO 


1 


-1 


-1 


1 


1 


0.4714 


0.8165 


1 


0.2222 


— > oo 


M M 
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Table 6: M-theory: past asymptotic solutions {t — > — oo). K, S±, So, M and C mean a 
kinetic dominance, a static space with positive (or negative) curvature, a flat static space, 
a Milne type space, and a constant curvature space, respectively. 
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±i 
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— > —00 


A/TTTQ 
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1 
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^ 


K K 


MP 9 


1 


0,±1 
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0.53167 


0.77214 






0.8735 


0.2085 


~ 


K K 


MPIO 


1 


0,±1 


0,±1 


0.32052 


0.000168 






0.3209 


0.0001679 


- 


K K 


MPll 


1 


0,±1 


0,±1 


-0.00088 


0.28898 






0.5024 


0.1437 


- 


K K 


MP 12 


1 





-1 


14.8319 


1 




0.0492 


4.0738 


0.2222 


- 


K M 


MP13 


1 





-1 


0.7335 


1 




1.807 


0.9408 


0.2222 


~ 


K M 


MP14 


1 


-1 





1 


0.7181 


0.8036 




1 


0.2044 


- 


M K 


MP 15 


1 


-1 





1 


0.0417 


0.9900 




1 


0.0364 


- 


M K 


MP16 


1 


-1 





1 


-14.1607 


0.0851 




1 


0.2916 


~ 


M K 


MP17 


1 


-1 


±1 


1 





1 




1 





~ 


M K 


MP18 


1 


±1 
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1 
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~ 


S± M 


MP19 


1 


1 


-1 


1 


1 


0.2986 


0.2958 


1 


0.25 


~ 


C M 


MP20 


1 


-1 


-1 


1 


1 


1.329 


0.7899 


1 


0.25 


~ 


M M 


MP21 


1 


-1 


-1 


1 


1 


1.112 


1.957 


1 


0.25 


~ 


M M 


MP22 


1 


-1 


-1 


1 


1 


O.-KiT? 


O.!)!.").") 


1 


0.25 


~ 


M M 
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Table 7: Type II superstring: exact solutions. K, S±, So, and M mean a kinetic dominance, 
a static space with positive (or negative) curvature, a fiat static space, and a Milne type 
space, respectively. 
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dp 




/i 


V 


ao 


6o 


A 




type 


IIE1± 











±0.7999 


±0.1299 
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±0.0433 


K K 


IIE2± 











±0.5075 
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1.333 


±0.1692 


K K 


IIE3± 











±0.4962 


±0.5131 
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±0.1710 


K K 


IIE4± 








1 


±0.7655 







1.480 







K S+ 


IIE5± 








-1 


±0.6200 







2.763 







K S_ 


IIE6± 





1 








±0.6201 


1.078 




1 


±0.2067 


S+ K 
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1 
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1 




1 


0.75 


0.25 


So M 
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1 


-1 





1 





1 




1 
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Table 8: Type II superstrings: future asymptotic solutions {t — > oo). M means a Milne 
type space. 
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±1 


±1 
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oo 
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1 
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oo 
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oo 
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1 


-1 


-1 


1 


1 
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1 


0.25 


00 
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Table 9: Type II superstrings: past asymptotic solutions {t — > — oo). K, S±, So, M and 
C mean a kinetic dominance, a static space with positive (or negative) curvature, a flat 
static space, a Milne type space, and a constant curvature space, respectively. 
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~ 


K K 


IIP8 


1 
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0.3205 
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0.3208 


0.0001699 


^ 


K K 


IIP9 


1 
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0, ±1 


0.2883 


0.2883 






0.6184 


0.1546 


^ 


K K 


IIPIO 


1 


0,±1 


0,±1 


0.0013 


0.2954 






0.4705 


0.1566 


~ 


K K 


IIP 11 


1 





1 


4.0305 


1 




0.3375 


1.7576 


0.25 


- 


K C 


IIP 12 


1 





-1 


0.4484 


1 




0.8948 


0.8621 


0.25 


- 


K M 
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1 





-1 


-9.7439 
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0.1028 
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0.25 


- 
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M K 
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1 
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~ 
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1 
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-1 
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1 


0.25 


~ 
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1 


-1 


-1 
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0.6527 
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1 


0.25 


~ 
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1 


-1 


1 


1 




0.1701 
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1 


0.2.1 
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